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How many runs ensure quantum fidelity in teleportation experiment?
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The strong law of large numbers asserts that experimentally obtained mean values, in the limit of
number of repetitions of the experiment going to infinity, converges almost surely to the theoretical
predictions which are based on a priori assumed constant values for probabilities of the random
events. Hence in most theoretical calculations, we implicitly neglect fluctuations around the mean.
However in practice, we can repeat the experiment only finitely many times, and hence fluctuations
are inevitable, and may lead to erroneous judgments. It is theoretically possible to teleport an
unknown quantum state, using entanglement, with unit fidelity. The experimentally achieved values
are however sub-unit, and often, significantly so. We show that when the number of repetitions
of the experiment is small, there is significant probability of achieving a sub-unit experimentally
achieved quantum teleportation fidelity that uses entanglement, even classically, i.e., without using
entanglement. We further show that only when the number of repetitions of the experiment is of the
order of a few thousands, the probability of a classical teleportation process to reach the currently
achieved experimental quantum teleportation fidelities becomes negligibly small, and hence ensure
that the experimentally obtained fidelities are due to genuine use of the shared entanglements.
I. INTRODUCTION
Quantum measurement outcomes being intrinsically
random, fluctuations in experimentally obtained mean
values are inevitable. However in theoretical considera-
tions of quantum mechanics, we often implicitly neglect
fluctuations, e.g., in calculating bounds corresponding
to a Bell test [1, 2], classical limit of teleportation fi-
delity for quantum states [3–5], etc. This is justified by
Kolmogorov’s strong law of large numbers (LLN) which
asserts that the experimentally obtained mean values,
in the limit of the number of repetitions of the exper-
iment under identical conditions going to infinity, con-
verges almost surely, and under certain assumptions (see
Appendix A for details), to the theoretical predictions
which are based on a priori assumed constant values for
the probabilities of the random events [6–9]. It is to
be noted that the convergence shown by strong LLN is
not pointwise [10]. However in practice it is not feasi-
ble to repeat the experiment, under identical conditions,
infinitely many times. Hence in practice, fluctuations
would potentially matter.
In practical scenarios, as we can repeat the experiment
only finitely many times, theoretical bounds no more ap-
ply strictly, because they correspond to an infinite num-
ber of repetitions of the experiment. Therefore, for a
given finite number of runs of the experiment, it is impor-
tant to know the probability with which the experimen-
tally obtained mean values of a system characteristic can
go beyond the theoretical bounds of the characteristic.
In this respect, it is interesting to note that it is possible
to achieve the Tsirelson bound [11] of the Bell Clauser-
Horne-Shimony-Holt expression, even with unentangled
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states (via fake correlations arising due to randomness in
measurement outcomes), but the probability of achieving
it reduces exponentially with the number of repetitions
of the experiment, as shown by Gill [12].
Here we consider the problem of teleporting sets of
quantum states from one location to another and the
theoretical upper bounds for the fidelity of teleporting
the quantum states “classically” i.e., without using en-
tanglement. These upper bounds for the different sets of
quantum states to be teleported, are based on a priori
assumed constant values for the probabilities of random
events, and hence cannot be observed in actual experi-
ments, due to non-zero fluctuations in the relative fre-
quencies. We show that when the number of repetitions
of the experiment is not so large, there is significant prob-
ability of the relative frequencies going much beyond the
classical teleportation fidelity upper bounds, even if there
is no shared entanglement. It is theoretically known that
using entanglement, it is possible to teleport an unknown
quantum state with unit quantum fidelity [3]. We con-
sider data from various experiments which have demon-
strated quantum teleportation [13–24]. Such experiments
typically achieve sub-unit fidelities. We provide lower
bounds on the number of repetitions of the experiment
that is needed to ensure that a sub-unit quantum telepor-
tation fidelity cannot be achieved classically (i.e., with-
out entanglement) with appreciable probability. We find
that, to be pretty confident about the teleportation fi-
delity being genuinely quantum, one needs to typically
repeat the experiment a few thousand times.
The rest of the paper is organized as follows. In Sec.
II, we formally consider the case of a teleportation exper-
iment when the number of repetitions of the experiment
is finite, and find the probability of the relative frequency
corresponding to classical teleportation going beyond the
optimal theoretical classical teleportation fidelity valid in
the limit of an infinite number of runs. In Sec. III, we ap-
2ply the result from the preceding section to several cases,
by using experimentally obtained quantum teleportation
fidelities in the respective cases from the literature. In
Sec. IV, we compare the method pursued in this paper
with the method that may use the apparatus of hypoth-
esis testing. Finally, we conclude in Sec. V.
II. PROBABILITY OF OBTAINING
NONCLASSICAL TELEPORTATION FIDELITY
VALUES WITHOUT ENTANGLEMENT FOR
FINITE RUNS
Quantum teleportation [3] is a protocol by which the
quantum state of a physical system, that is known to
be produced by a source described by the ensemble
E = {pi, |ψi〉}, appears as the state of another system,
possibly at a distant location. The resources used are (a)
local quantum operations at the respective laboratories
at the two locations and classical communication between
the laboratories, and (b) a shared quantum state. The
shared quantum state is of course useful only if it cannot
be created by the local operations and classical commu-
nication allowed as resource (a), and these are precisely
the entangled shared quantum states [25–27].
The transfer of the quantum state in a quantum tele-
portation protocol is exact for certain entangled shared
states. For others, it only provides a sub-unit average
fidelity of the state transfer, that depends both on the
shared state and the input ensemble E . Shared entan-
gled states are usually costly to prepare experimentally,
and thus it is important to find out whether its inclusion
is useful to the protocol. To this end, we consider an av-
erage fidelity of quantum state transfer for the case when
the shared entangled state is not available as a resource
for the state transfer. This fidelity is usually referred
to as the “classical” teleportation fidelity. It is a func-
tion of the input ensemble E . Therefore, a given strategy
of quantum teleportation of a given input ensemble by
employing local quantum operations and classical com-
munication on a given shared entangled state and the
given input ensemble is nonclassical, if the teleportation
fidelity is higher than the corresponding classical fidelity.
It is clear that if the ensemble consists of a set of orthog-
onal states, the classical fidelity is already unity. (See
Ref. [28] in this regard.) Also, a shared non-entangled
state can, by definition, never have a fidelity higher than
classical for any teleportation protocol.
The impossibility of an unentangled state to have a
teleportation fidelity beyond the relevant classical tele-
portation fidelity is however valid only in the limit of
number of repetitions of the experiment tending to infin-
ity. But in practice we can repeat an experiment only
finitely many times. In this case, there will always be a
positive probability of a classical teleportation strategy –
a teleportation strategy that does not involve any shared
entangled state – to possess a teleportation fidelity that is
greater than the corresponding theoretical classical tele-
portation fidelity. We are now going to obtain an upper
bound for this probability.
Classical teleportation of unknown quantum states :
Let X be a random variable which takes value i with
probability pi, with the latter being a real number be-
tween 0 and 1, i = 1, 2, ..., a, such that
∑a
i=1 pi = 1.
Charu prepares a qudit (a d−level quantum system) in
the state |ψi〉 if X = i and gives it to Alice, where
|ψi〉 is a vector in the d−dimensional complex Hilbert
space, i = 1, 2, ..., a. And |ψi〉’s are in general normal-
ized, but may be nonorthogonal. Alice knows Charu’s
state preparation procedure but she does not know which
one of the states |ψi〉 has been given to her. Alice
wants to classically teleport (i.e., without using entan-
glement) |ψi〉 to Bob. Alice carries out a positive oper-
ator valued measurement (POVM) on |ψi〉 with POVM
elements Πl, l = 1, 2, ..., a which satisfy the resolution of
the identity i.e.,
∑a
l=1 Πl = 1d. If Πl clicks in Alice’s
measurement, she sends the information about the re-
sult of measurement, l, to Bob via a classical channel.
The classical channel is assumed to be noiseless. Bob,
thereafter prepares the state |ψl〉 and sends it to the
examiner Debu. Charu has informed Debu about the
actual state |ψi〉 which was given to Alice. Debu mea-
sures the state sent by Bob, viz. |ψl〉, on the projectors
{|ψi〉〈ψi|,1d − |ψi〉〈ψi|} for verification. Then the theo-
retical optimal average fidelity of classical teleportation
is given by
F thcla = max
{Πl}
a∑
i,l=1
pi〈ψi|Πl|ψi〉|〈ψi|ψl〉|2, (1)
which is really the probability that the state sent by Alice
to Bob, passes Debu’s test.
Define V (i) = |ψi〉〈ψi|. Let V (i)|ψk〉 be the outcome of
measuring {V (i),1d − V (i)} on the state |ψk〉 (so that
V
(i)
|ψk〉
is a random variable which takes the values 1 or
0). Let {Πl}|ψi〉 be the outcome of the POVM carried
out by Alice on the state |ψi〉 (so that {Πl}|ψi〉 is a ran-
dom variable which outputs one of the following values:
1, 2, ..., a). And let Ny(Y,M) be the number of outcomes
for which Y = y in M independent trials of the random
variable Y . Then the experimentally observed fidelity of
classical teleportation is given by
F exptcla =
1
N
a∑
i=1
(
Ni({Πl}|ψi〉, Ni(X,N))
+
a∑
k 6=i;k=1
N1
(
V
(i)
|ψk〉
, Nk({Πl}|ψi〉, Ni(X,N))
))
, (2)
3which is subject to the constraints
a∑
k=1
Nk({Πl}|ψi〉, Ni(X,N)) = Ni(X,N)
and
a∑
i=1
Ni(X,N) = N. (3)
Let P (· · · ) represent the probability of the event in its
argument. The strong LLN asserts that [8]
P
(
lim
N→∞
F exptcla = F
th
cla
)
= 1. (4)
(See Appendix B for a derivation.) One should note that
the convergence implied by the strong LLN is not point-
wise. Eq. (4) implies that the event limN→∞ F
expt
cla =
F thcla happens almost surely but not 100% surely [7, 29,
30]. This is because there is a nonempty measure-zero set
(which is infinitely large) which corresponds to the event
limN→∞ F
expt
cla = F
th
cla not happening [29, 30]. More-
over, in any real experiment, N < ∞, and hence we
have the possibility that P (F exptcla ≥ F thcla + t) > 0 where
t > 0. We are now going to find an upper bound for
P (F exptcla ≥ F thcla + t), corresponding to a given N . Gill
has obtained similar upper bound, in the context of a
Bell inequality [12].
An experimentalist (call her Dodolu) performing a
quantum teleportation experiment has the intention of
convincing us that F thqm > F
th
cla, where F
th
qm is the the-
oretically calculated quantum mechanical teleportation
fidelity. F thqm is always unity, assuming that a maxi-
mally entangled state is used for the teleportation. How-
ever, Dodolu only gets F exptqm , which is the experimen-
tally obtained quantum mechanical teleportation fidelity,
and she is forced to replace F thqm in all relations by
F exptqm . Hence, her intention now is to demonstrate that
F exptqm > F
th
cla.
One must now be careful to make sure that had some-
body (call him Eneet) performed an experiment without
entanglement, then F exptcla does not reach F
expt
qm easily,
due to the finite number of runs performed in the exper-
iment. It may be noted that the previous experiment (of
Dodolu) becomes the latter one (of Eneet) in the absence
of entanglement.
Let us make the following assumptions to simplify the
calculations:
• Let pi = 1/a ∀i.
• Let us neglect, assuming N to be sufficiently large,
the fluctuation of Ni(X,N)/N around its theoret-
ical mean value, i.e., 1/a. Then Ni(X,N)/N ≈
1/a ∀i.
Note that for a given N , the upper bound of P (F exptcla ≥
F thcla+ t) considering the fluctuation of Ni(X,N)/N , will
be higher than the upper bound of P (F exptcla ≥ F thcla +
t) without considering the fluctuation of Ni(X,N)/N .
Using the constraint
Ni({Πl}|ψi〉, N/a) = N/a−
a∑
k 6=i;k=1
Nk({Πl}|ψi〉, N/a),
we eliminate Ni({Πl}|ψi〉, N/a) from Eq. (2), to obtain
F exptcla =
1
N
a∑
i=1
(
N/a−
a∑
k 6=i;k=1
Nk({Πl}|ψi〉, N/a)
+
a∑
k 6=i;k=1
N1(V
(i)
|ψk〉
, Nk({Πl}|ψi〉, N/a))
)
, (5)
where we have assumed N to be an integer multiple of a.
Let Ny,z((Y, Z),M) be the number of outcomes in which
Y = y and Z = z in M independent trials each of Y and
Z. Then using the identity
Ny,z((Y, Z),M) = Nz(Z,Ny(Y,M)),
Eq. (5) reduces to
F exptcla = 1 +
1
N
a∑
i=1
a∑
k 6=i;k=1
N/a∑
n=1
Π˜
(k)
|ψi〉,n
(V
(i)
|ψk〉,n
− 1), (6)
where Π˜
(k)
|ψi〉,n
= 1 if the outcome in the nth trial of
{Πl}|ψi〉 is k, and Π˜(k)|ψi〉,n = 0 otherwise; and V
(i)
|ψk〉,n
is
the outcome in the nth trial of V
(i)
|ψk〉
. Note that in all
further calculations we are going to use F exptcla as given in
Eq. (6), and
F thcla = (1/a)
a∑
i,l=1
〈ψi|Πl|ψi〉|〈ψi|ψl〉|2.
We now state a result that will be useful for our pur-
poses. Let Y1, Y2, ..., Ym be independent random vari-
ables with finite first and second moments, and
Sm = Y1 + Y2 + ...+ Ym, Y¯ =
Sm
m
, µ = 〈Y¯ 〉 = 〈Sm〉
m
.
Hoeffding bound : Let t′ = t/(b˜ − a˜), t > 0 and µ′ =
(µ− a˜)/(b˜− a˜). If Y1, Y2, ..., Ym are independent random
variables with a˜ ≤ Yj ≤ b˜ for j = 1, 2, ...,m then for
0 < t′ < 1− µ′,
P (Y¯ ≥ µ+ t) ≤
(( µ′
µ′ + t′
)µ′+t′( 1− µ′
1− µ′ − t′
)1−µ′−t′)m
.
(7)
For the proof of the preceding bound, see [31]. For a re-
fined Hoeffding bound, see [32] (see also [33]). We note
that the bound is exact (i.e., we have not used any ap-
proximations like Gaussian, Poisson, etc. distributions
for the actual distribution) but not tight (i.e., not opti-
mal). However it is better than the earlier bounds avail-
4able in the literature (see [31] in this regard).
In the Hoeffding bound, let us set
Yj = Π˜
(k)
|ψi〉,n
(V
(i)
|ψk〉,n
− 1),
where j = ikn, and 1 ≤ j ≤ m. This implies that
Sm =
a∑
i=1
a∑
k 6=i;k=1
N/a∑
n=1
Π˜
(k)
|ψi〉,n
(V
(i)
|ψk〉,n
− 1).
Here, m = (a − 1)N, a > 1, a˜ = −1, b˜ = 0, F exptcla =
1 + (a− 1)Y¯ , and
〈F exptcla 〉 = 1 + (a− 1)µ = F thcla. (8)
Then, the Hoeffding bound simplifies to
P (F exptcla ≥ F thcla + (a− 1)t)
≤
(( µ+ 1
µ+ 1 + t
)µ+1+t(µ+ t
µ
)µ+t)(a−1)N
. (9)
III. WHEN IS TELEPORTATION QUANTUM?
We now consider experimentally obtained fidelities
of quantum teleportation from the literature, in vari-
ous paradigmatic situations. These experiments utilize
shared entangled states for realizing the corresponding
fidelities. Then for a given number, N , of runs of the
experiment, we calculate the upper bound for the prob-
ability of achieving the same fidelity experimentally but
via classical teleportation. This will tell us how many
repetitions of the experiment are necessary to make sure
that the experimentally achieved teleportation fidelity is
genuinely quantum.
A. Teleporting three symmetric qubit states
We begin by considering quantum teleportation of the
three qubit states given by [14, 34]
|ψ1〉 = |0〉, |ψ2〉 = (|0〉 −
√
3|1〉)/2,
|ψ3〉 = (|0〉+
√
3|1〉)/2, (10)
where |0〉 and |1〉 are the eigenstates of Pauli-z matrix
σz with eigenvalues +1 and −1 respectively. These three
states are placed symmetrically on a great circle of the
Bloch sphere. An experimentally obtained teleporta-
tion fidelity is F exptqm = 0.865 [14]. We show that at
small N , there is significant probability of experimentally
achieving, even via classical teleportation (i.e., without
using entanglement), the same amount of fidelity (i.e.,
0.865), otherwise achievable only via quantum teleporta-
tion. This shows that we should take N sufficiently large
enough to make sure that the high fidelity we achieve is
genuinely quantum in origin, i.e., due to using entangle-
ment.
The square-root measurement is defined in [34] as fol-
lows: Πl = (2/3)|ψl〉〈ψl|, l = 1, 2, 3. Now, “for many
of the cases in which the optimal minimum error mea-
surement is known, it is the square-root measurement”
[34]. One can verify that
∑3
l=1 Πl = 12. Then we obtain
F thcla = 3/4 (which is same as the classical upper bound
derived in [14]), µ = −1/8, and t = 0.0575. Note that the
value of µ is dictated by the set {|ψi〉} and the optimal
measurement strategy to perform minimal error discrim-
ination on this set, and by the relations µ = 〈Sm〉/m and
Eq. (8). On the other hand, the value of t is obtained
by equating F thcla + (a − 1)t with the experimentally ob-
tained value F exptqm . Substituting these values in Eq. (9),
we obtain the following upper bounds:
for N = 100, P (F exptcla ≥ 0.865) ≤ 0.0293,
for N = 1000, P (F exptcla ≥ 0.865) ≤ 4.625× 10−16,
for N = 5000, P (F exptcla ≥ 0.865) ≤ 2.116× 10−77.
(11)
Note that the difference in the bound corresponding to
N = 99 (an integer multiple of a = 3) and N = 100 is
insignificant. Moreover, by the principle of interpolation,
the bound given in expression (9) holds to a good extent,
for N which is not an integer multiple of a as well.
If it would have been possible to experimentally obtain
a quantum fidelity very close to unity, say 1− 10−5, then
this analysis would have been of little interest. This is
because, in that case,
for N = 50, P (F exptcla ≥ 1− 10−5) ≤ 1.597× 10−6,
for N = 100, P (F exptcla ≥ 1− 10−5) ≤ 2.55× 10−12,
for N = 500, P (F exptcla ≥ 1− 10−5) ≤ 1.08× 10−58,
(12)
so that even for small N , the probabilities are negligibly
small.
B. Teleportation of four asymmetric qubit states
In this subsection, we consider quantum teleportation
of the following four qubit states, that, unlike the case in
the preceding subsection, are asymmetrically placed on
the Bloch sphere [21]:
|ψ1〉 = |0〉, |ψ2〉 = |1〉, |ψ3〉 = (|0〉 − i|1〉)/
√
2,
and |ψ4〉 = (2|0〉 − |1〉)/
√
5.
An experimentally obtained teleportation fidelity is
F exptqm = 0.875 [21]. Let ρ =
1
4
∑4
i=1 |ψi〉〈ψi|. The square-
root measurement is given in the current scenario as fol-
lows [34]:
Πl =
1
4
ρ−1/2|ψl〉〈ψl|ρ−1/2, l = 1, 2, 3, 4. (13)
5One can verify that
∑4
l=1Πl = 12. Then we obtain
F thcla = 0.777, µ = −0.0743, and t = 0.0327. Substi-
tuting these values in Eq. (9), we obtain the following
upper bounds:
for N = 100, P (F exptcla ≥ 0.875) ≤ 0.0649,
for N = 1000, P (F exptcla ≥ 0.875) ≤ 1.3219× 10−12,
for N = 5000, P (F exptcla ≥ 0.875) ≤ 4.0362× 10−60.
(14)
C. Teleporting qubit MUBs
Here we consider quantum teleportation of three max-
imally unbiased bases (MUBs) of a qubit. When the
Hilbert space dimension d is a prime power, there exist
sets of d+1 MUBs. These sets are maximal in the sense
that it is not possible to find more than d + 1 MUBs in
any d-dimensional Hilbert space [35–38]. They are max-
imally unbiased in the sense that the absolute value of
the inner product between any vector in any of the bases
with any vector in any other basis is 1/
√
d. The elements
of any basis are mutually orthonormal.
Let |±〉 = (|0〉±|1〉)/√2, |±y〉 = (|0〉± i|1〉)/√2. Then
{|0〉, |1〉}, {|+〉, |−〉}, and {|+y〉, |−y〉} (15)
form a maximal set of MUBs of a qubit. An experi-
mentally obtained teleportation fidelity is F exptqm = 0.77
[19, 22].
Let
|ψ1〉 = |0〉, |ψ2〉 = |1〉, |ψ3〉 = |+〉, |ψ4〉 = |−〉
|ψ5〉 = |+y〉, |ψ6〉 = |−y〉,
and ρ = 16
∑6
i=1 |ψi〉〈ψi| = 12/2. Then the correspond-
ing square-root measurement is given by [34]:
Πl =
1
6
ρ−1/2|ψl〉〈ψl|ρ−1/2, l = 1, 2, . . . , 6. (16)
One can verify that
∑6
l=1Πl = 12. We obtain F
th
cla =
2/3 (which is the same as that obtained by averaging
over the entire Bloch sphere [4]), µ = −1/15, and t =
0.0207. Substituting these values in Eq. (9), we obtain
the following upper bounds:
for N = 100, P (F exptcla ≥ 0.77) ≤ 0.1468,
for N = 1000, P (F exptcla ≥ 0.77) ≤ 4.6336× 10−9,
for N = 5000, P (F exptcla ≥ 0.77) ≤ 2.1359× 10−42.
(17)
D. Teleporting basis vectors of qutrit MUBs
We now consider quantum teleportation of the states
of the four qutrit MUBs. Let
|ψ1〉 = |0〉, |ψ2〉 = |1〉, |ψ3〉 = |2〉,
|ψ4〉 = 1√
3
(|0〉+ |1〉+ |2〉),
|ψ5〉 = 1√
3
(|0〉+ ω|1〉+ ω2|2〉),
|ψ6〉 = 1√
3
(|0〉+ ω2|1〉+ ω|2〉),
|ψ7〉 = 1√
3
(ω|0〉+ |1〉+ |2〉),
|ψ8〉 = 1√
3
(|0〉+ ω|1〉+ |2〉),
|ψ9〉 = 1√
3
(|0〉+ |1〉+ ω|2〉),
|ψ10〉 = 1√
3
(ω2|0〉+ |1〉+ |2〉),
|ψ11〉 = 1√
3
(|0〉+ ω2|1〉+ |2〉),
|ψ12〉 = 1√
3
(|0〉+ |1〉+ ω2|2〉), (18)
where |0〉, |1〉, and |2〉 are mutually orthonormal vectors,
and ω = ei2pi/3. For a qutrit, there are four MUBs, and
one such set has the following as its elements:
{|ψ1〉, |ψ2〉, |ψ3〉}, {|ψ4〉, |ψ5〉, |ψ6〉},
{|ψ7〉, |ψ8〉, |ψ9〉}, and {|ψ10〉, |ψ11〉, |ψ12〉}. (19)
An experimentally obtained teleportation fidelity for
transferring these 12 quantum states is F exptqm = 0.751
[24].
Let ρ = 112
∑12
i=1 |ψi〉〈ψi| = 13/3. The square-root
measurement in this scenario is given by [34]:
Πl =
1
12
ρ−1/2|ψl〉〈ψl|ρ−1/2, l = 1, 2, ..., 12. (20)
One can verify that
∑12
l=1 Πl = 13. We obtain F
th
cla = 1/2.
We note that this is the same as the fidelity of tele-
portation obtained by averaging over all possible qutrit
states. Here we achieve this even without averaging over
all qutrit states. This is because we are considering a
maximal set of MUBs which is sufficient to tomograph
an arbitrary unknown qutrit state [37]. We also have
µ = −1/22 and t = 0.0228. Substituting these values in
Eq. (9), we obtain the following upper bounds:
for N = 50, P (F exptcla ≥ 0.751) ≤ 0.018,
for N = 100, P (F exptcla ≥ 0.751) ≤ 3.228× 10−4,
for N = 1000, P (F exptcla ≥ 0.751) ≤ 1.2284× 10−35.
(21)
6E. Violating the Helstrom bound for finite runs
The Helstrom bound was an early and remains a very
useful method for discrimination between two arbitrary
pure states [39–41]. See also [34, 42].
Consider the following two pure qubit states:
|ψ1〉 = |0〉, |ψ2〉 = cos(θ/2)|0〉+ sin(θ/2)|1〉.
Also, set
|φ1〉 = cos pi − θ
4
|0〉 − sin pi − θ
4
|1〉,
|φ2〉 = sin pi − θ
4
|0〉+ cos pi − θ
4
|1〉.
Consider the measurement operators Πl = |φl〉〈φl|, l =
1, 2. One can verify that
∑2
l=1Πl = 12. Then the prob-
ability of error in discriminating between the |ψi〉’s by
measuring Πl’s turns out to be
Perr =
1
2
〈ψ1|Π2|ψ1〉+ 1
2
〈ψ2|Π1|ψ2〉
=
1
2
(1 −
√
1− |〈ψ1|ψ2〉|2) = 1
2
(1− sin(θ/2)), (22)
which is nothing but the Helstrom bound. Then we ob-
tain
F thcla = 1− sin2(θ/2)(1 − sin(θ/2))/2, (23)
in the classical teleportation protocol where Alice per-
forms a measurement onto the operators {Π1,Π2} to dis-
tinguish between the states |ψ1〉 and |ψ2〉, and accord-
ingly sends the information to Bob. Now, µ = F thcla − 1
(from Eq. (8), since a = 2 here). Let θ = pi/2. Then
F thcla = 0.9268 (this is same as that given in [43]). We did
not find a value of F exptqm in the literature, and we arbi-
trarily set it to 0.98. ⇒ t = 0.0532. Substituting these
values in Eq. (9), we obtain the following upper bounds:
for N = 100, P (F exptcla ≥ 0.98) ≤ 0.0564,
for N = 1000, P (F exptcla ≥ 0.98) ≤ 3.2687× 10−13,
for N = 5000, P (F exptcla ≥ 0.98) ≤ 3.7313× 10−63.
(24)
IV. CONNECTION WITH HYPOTHESIS
TESTING
The techniques that we have presented above, to test
for possible violation of the classical teleportation fidelity
bound by an unentangled state in the physically rele-
vant situation of a finite number of runs of the experi-
ment, is similar in spirit to hypothesis testing in statis-
tics, wherein, depending on the experimentally obtained
mean value, a primary hypothesis is either accepted or
rejected against an alternative secondary hypothesis [44].
In our case, the primary hypothesis is the quantum tele-
portation fidelity, and secondary hypothesis is the classi-
cal teleportation fidelity.
Let us assume that a black box is performing teleporta-
tion, and we want to know if it is doing classical (without
using entanglement) or quantum (using entanglement)
teleportation. Let us assume that the experimentally ob-
tained fidelity F expt is a normally distributed random
variable with variance σ2/N , where N is the number of
repetitions of the teleportation protocol, and let its mean
be either F thcla (if the black box is doing classical telepor-
tation) or F thqm (if the black box is doing quantum telepor-
tation). For the sake of illustration, let us further assume
F thqm < 1. Let us choose F
th
qm(> F
th
cla) to be the primary
hypothesis, and F thcla to be the secondary (alternate) hy-
pothesis. Let us select a critical value F thcla < F
expt
c < F
th
qm
for the decision criterion. If F expt < F exptc , we will reject
the hypothesis, and if F expt > F exptc , we will accept the
hypothesis. If the primary hypothesis is actually correct
but F expt < F exptc , then we will be erroneously rejecting
primary hypothesis and doing type I error. The proba-
bility of such an error is
α = P (F expt < F exptc )
=
√
N√
2piσ
∫ F expt
c
−∞
exp(− (F
expt − F thqm)2N
2σ2
)dF expt. (25)
If the primary hypothesis is actually wrong but F expt >
F exptc , then we will be erroneously accepting primary hy-
pothesis and doing type II error. The probability of such
an error is
β = P (F expt > F exptc )
=
√
N√
2piσ
∫ ∞
F exptc
exp(− (F
expt − F thcla)2N
2σ2
)dF expt. (26)
α is known as significance level of the test, and 1 − β is
known as the power of the test [44]. This implies that
the larger the N and/or F thqm−F thcla, the lesser will be the
α, β. This conclusion is the same as our analysis based
on the Hoeffding bound. But it is important to note
that hypothesis testing uses the normal approximation,
whereas the Hoeffding bound is exact. In this sense, the
analysis based on the Hoeffding bound is more reliable
(uses less assumptions) than hypothesis testing.
V. CONCLUSION
We considered various experimentally obtained quan-
tum teleportation fidelities and showed that when the
number of repetitions of the experiment is small, there
is significant probability of experimentally obtaining the
same even classically (i.e., without using entanglement).
We further showed that if the number of repetitions of the
experiment is sufficiently large - and sometimes even if it
is only moderately large, then the probability of experi-
mentally achieving the same classically becomes negligi-
bly small and ensures nonclassical fidelity of teleportation
with high probability.
7Appendix A: Strong LLN: Assumptions
The strong LLN is based on the assumption of exis-
tence of a probability space or probability triple (Ω,F , P )
where Ω is the sample space, F is the collection of ran-
dom events, and P is a probability measure [7]. Note
that the justification for the a priori assumption of exis-
tence of a probability measure via strong LLN is circular
[6] because the convergence shown by strong LLN is not
pointwise but in terms of the very notion of probability
which it is actually trying to justify. There is another as-
sumption involved which is mentioned in the succeeding
appendix.
Appendix B: Deriving Eq. (4)
Consider Eq. (2).
F exptcla =
a∑
i=1
(
Ni({Πl}|ψi〉, Ni(X,N))
Ni(X,N)
Ni(X,N)
N
+
a∑
k 6=i;k=1
N1(V
(i)
|ψk〉
, Nk({Πl}|ψi〉, Ni(X,N)))
Nk({Πl}|ψi〉, Ni(X,N))
×Nk({Πl}|ψi〉, Ni(X,N))
Ni(X,N)
Ni(X,N)
N
)
. (B1)
Assuming Ni(X,N), Nk({Πl}|ψi〉, Ni(X,N)) → ∞ as
N →∞, we obtain using strong LLN,
P
(
lim
N→∞
Ni(X,N)
N
= pi
)
= 1,
P
(
lim
N→∞
Nk({Πl}|ψi〉, Ni(X,N))
Ni(X,N)
= 〈ψi|Πk|ψi〉
)
= 1,
P
(
lim
N→∞
N1(V
(i)
|ψk〉
, Nk({Πl}|ψi〉, Ni(X,N)))
Nk({Πl}|ψi〉, Ni(X,N))
= |〈ψi|ψk〉|2
)
= 1. (B2)
Using Eqs. (B1), (B2), we obtain Eq. (4).
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